We develop three closed-loop supply chain models where manufacturers can utilize financial or physical support to push a third party to collect the used fashion product for remanufacturing. We first examine two strategies for the collective recycling responsibility (CRR), namely, the financial sharing (FS) and the physical sharing (PS), using the model with no CRR as a benchmark. After that, we conduct a detailed comparison among the three models in terms of the retail price, demand, return rate, and the profits received by the supply chain members. With this study, we find the following. (i) The FS or PS support offered by the manufacturer to the third party will result in a lower retail price and a higher demand. (ii) The optimal return rate with PS scheme is always higher than that without the CRR, and the one with FS scheme is at least as high as that without the CRR. (iii) All the members in the closedloop supply chain can always benefit from the CRR. In addition, (iv) which scheme of the FS, PS, or no CRR is the best for the supply chain members will depend heavily on the transfer price of the used product.
Introduction
Product remanufacturing plays an important role on lowcarbon economy and sustainable development of supply chains. With the remanufacturing, one can receive both environmental and economic benefits. Currently, more and more countries have initiated or are planning to enact legislations to encourage firms to collect and remanufacture the products that were released to the market by them. For example, 27 countries in Europe have enacted take-back legislation for the used products, 23 states in the United States have passed similar product take-back laws, and Japan has also enacted recycling laws for home appliances and computers (Atasu and Souza [1] ). With these legislations, almost all the manufacturers are physically or financially responsible for their used products and have built reverse channels to reclaim these products for remanufacturing, such as HP, Lenovo, Apple, Xerox Corporation, and the "big three" auto manufacturers in the United States (Wu [2] ).
Most of the previous research, such as Savaskan et al. [3] and Savaskan and Van Wassenhove [4] , assume that only one member in the closed-loop supply chain, for example, a retailer or a manufacturer or a third party, bears the responsibility of recycling used products. However, Savaskan et al. [3] finds that remanufacturing can be beneficial to all the members in supply chains, including the retailer, the third party, and the manufacturer. Hence, each member of the supply chain has an incentive to share the collecting responsibility of the used products. In practice, the responsibility of collecting used products can be either financial or physical. Financial responsibility is usually implemented via instruments such as costsharing, advance disposal fee, or end-user fee (Jacobs and Subramanian [5] ). For example, Apple finances a special recycling firm (a third-party firm), named Li Tong Recycle, for collecting the used Applebranded electronic products and equipments in Asia (see http://www.reverselogistic.com/apple.consumer/). With the physical responsibility, more supply chain members will 2 Mathematical Problems in Engineering participate in this programme and jointly collect the used products (Jacobs and Subramanian [5] ). Besides, Apple Company collects the used fashion electronic products not only from customers directly by itself, but also from some thirdparty firms indirectly. In this paper, for convenience, we call the first form of collective recycling responsibility (CRR) as financial sharing (FS) and the second form as physical sharing (PS). Thus, there are two important issues that remain to address. (i) How the manufacturer and the third party will benefit from these two schemes of CRR as compared with that without the CRR. (ii) How these two schemes of CRR affect the supply chain members and what are the differences between them.
To address the above issues, we develop and analyze three models for a decentralized closed-loop supply chain consisting of one manufacturer, one retailer, and one third party. In the first model, we consider the scenario that only the third party bears the collecting responsibility. The research of this model setting will serve as a benchmark for comparisons of the other two models. After that, we conduct a detailed analysis for the other two schemes of CRR and compare them with the first one. Finally, we conduct a detailed comparison between the FS and PS schemes. With the studies, we find that the CRR with an FS or PS scheme can be beneficial to all the supply chain members. Furthermore, which scheme of the FS, PS, and no CRR is the best for the supply chain members will depend heavily on the transfer price of the used product.
Literature Review
There is a substantial research exploring the issues concerning operations and management of fashion supply chains (Choi [6] , Chiu et al. [7] , Ma et al. [8] , Zheng et al. [9] , and Choi et al. [10] ). Our paper falls into this body of research, however, with a focal point placed on remanufacturing in the fashion supply chain. In general, there are three streams of the literature which are the most related to our paper. The first one is the environmental economics literature, which generally provides some comparisons among the environment-oriented policies, such as the recycling subsidy, the advance disposal fee, and the command and control standard, in terms of their economic efficiencies [11] [12] [13] [14] [15] . This stream of studies generally analyzes the macroscopical effects of product recycling on the performance of a firm and do not take into account the effect of CRR on the profits of supply chain members. The second related research stream is the literature exploring closed-loop supply chains [2] [3] [4] [16] [17] [18] [19] [20] . This stream of studies generally analyzes the effect of product recycling on the performances of supply chain members with a game theory approach. Even though some of them, such as Savaskan et al. [3] and Savaskan and Van Wassenhove [4] , examine the issue as who should bear the recycling responsibility in the closed-loop supply chain, they mainly assume that only one player in the closed-loop supply chain bears the recycling responsibility and do not consider CRR across the supply chain members. The third related research stream is the literature that explores issues concerning the CRR. Even though this stream of the literature is relatively seldom, it is the most related to our research. In this stream literature, Jacobs and Subramanian [5] discuss the CRR between a supplier and a manufacturer. Atasu and Subramanian [21] extend this issue to the context of two manufacturers, where the two manufacturers are all responsible physically for the recycling responsibility. Our paper also addresses the issues concerning CRR, however, with fundamental differences as compared with the existing literature. First, our paper examines the CRR between a manufacturer and a third party. In other words, the manufacturer consigns the recycling responsibility to a thirdparty firm. Second, our paper considers two schemes of the recycling responsibility sharing, namely, the PS and the FS.
The rest of this paper is organized as follows. Section 3 describes the problem under study. Section 4 conducts the analysis, respectively, for three models of the collecting responsibility sharing. Section 5 conducts comparisons among the three models. Section 6 concludes the paper with remarks and future research directions. All proofs are put in the Appendix for conciseness and clarity.
Model Description
Consider a closed-loop supply chain involving a short-life fashion product with remanufacturing. This closed-loop supply chain consists of one manufacturer, one retailer, and one third-party firm. In this supply chain, the manufacturer produces the fashion product and then sells to the end market via the retailer. The third party is responsible for collecting the used products from end customers and then returns them to the manufacturer for remanufacturing. For each unit of the used product returned by the third party, the manufacturer pays a transfer price to the third party. To push the thirdparty firm to collect the used products, the manufacturer can adopt two CRR schemes, namely, the FS and the PS. With the FS scheme, only the third party is responsible to collect the used products, whereas the manufacturer will offer some financial support to the third party. With the PS scheme, the third party and the manufacturer are both responsible for collecting the used products. For ease of exposition, we call these two models Model FS and Model PS, respectively. As a benchmark, we will also consider a basic model where the manufacturer offers no support to the third party for the collection of the used products. We call such a model Model N.
Notations.
The notations used throughout the paper are given in Table 1 .
Model
Assumptions. According to [3, 4] , we assume that the remanufactured product is completely the same to the product produced from raw materials in terms of the performance and appearance. The retailer faces a demand which can be characterized by a function ( ) = − , where > . In fact, this demand function is very popular in the economics and management literature (see, e.g., Savaskan et al. [3] , Lee [22] ). Even though the demand function is simple, it enables us to develop closed-form solutions for decisionmaking of the closed-loop supply chain. Actually, such a modeling setting can strike a proper balance between model realism and problem tractability. Besides, it is obvious that the cost of producing a new product by using a used product 
Notation Definition
The potential market demand The customers' sensitive coefficient to the retail price The unit cost of manufacturing a new product by using raw materials The unit cost of remanufacturing a used product to a new product 3 The collecting cost coefficient of the third-party firm The collecting cost coefficient of the manufacturer The transfer price paid from the manufacturer to the third party for each unit of the used product returned by the third party The retail price of the product, which is decided by the retailer The wholesale price of the product, which is decided by the manufacturer The cost sharing percentage in the FS scheme, which is decided by the manufacturer The responsibility sharing percentage in the PS scheme, which is decided by the manufacturer The return rate of the used products from customers, which is decided by the third party Π The profit functions of firm in Model , where = , , 3 denote the retailer, the manufacturer, and the third-party firm, respectively, and = N, FS, PS denote Models N, FS, and PS, respectively should be less than that by using the raw materials; that is, < ; that is, remanufacturing can lower the manufacturer's production cost. This assumption ensures that remanufacturing is always attractive to the manufacturer and the higher the product return rate is, the more the manufacturer prefers. Let Δ = − , which denotes the unit cost saving from the remanufacturing. It is clear that the transfer price paid from the manufacturer to the third party should be less than the unit cost saving; that is, < Δ. In addition, the collection cost functions for the third party and the manufacturer, respectively, are given by 3 2 and 2 . As a matter of fact, these assumptions are commonly used in the literature, such as Savaskan et al. [3] , Savaskan and Van Wassenhove [4] , and Atasu et al. [18] . In essence, such structures of the collection cost functions well capture the necessary characteristic that the margin cost of collection activity should increase with the product return rate required. With this characteristic, the recycle firm will have no incentive to seek a relatively high return rate. Let denote the payment from the third party to the consumer for each unit of the returned product. Since the main results will not be essentially changed with ̸ = 0 except for increasing the complexity of the model, we put = 0 in the following analysis without loss of generality.
Three Collecting Models in Closed-Loop Supply Chains
In this section, we first analyze the basic model in which the manufacturer offers no support to the third party for the collection of the used products. After that, we extend this model to discuss the CRR models with FS and PS schemes, respectively.
Model N-without CRR.
With Model N, only the thirdparty firm collects the used products from market and then returns them to the manufacturer for remanufacturing. After that, the remanufactured products, together with the new products produced by raw materials, are delivered to the retailer for reselling. In the analysis, we assume the manufacturer acts as the leader and the retailer and the third party act as the followers. Thus, the decision sequences are as follows: the manufacturer first decides a wholesale price , and then the retailer and the third party decide the optimal retail price and the optimal return rate , respectively. The problems faced by the respective supply chain members can be formulated, respectively, as
A backward induction is utilized to solve the above Stackelberg game. Since the retailer's objective function is concave in , the first-order optimality condition works for the problem (1), which yields the retailer's unique optimal strategy as ( ) = ( + )/(2 ). Similarly, the best response of the third-party firm is derived as ( ) = ( − )/(4 3 ). Substituting the best response functions of the retailer and the third party into the manufacturer's objective function and utilizing the first-order optimality condition, we obtain the manufacturer's optimal wholesale pricing as *
For conciseness, the more detailed proofs of the above results are put in the Appendix. With the solution (4), we derive the optimal retail price and return rate in equilibrium as follows:
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With the solutions given in (4) and (5), we derive the optimal profits of the retailer, the manufacturer, and the third party as follows:
Model FS-Financial Sharing.
With Model FS, the third party is responsible for collecting the used products from customers, but the manufacturer will share some of its collection cost by offering the financial support. To be specific, if the collection cost is 3 2 , the manufacturer and the thirdparty firm will bear 3 2 and (1 − ) 3 2 , respectively, where is the FS percentage bore by the manufacturer. Thus, the decision sequences with Model FS are as follows: the manufacturer first decides a wholesale price and an FS percentage. After that, the retailer and the third party decide the retail price and the return rate , respectively. Since the manufacturer acts as the leader of this Stackelberg game, we begin the analysis with characterizing the problems faced by the retailer and the third party. For a given wholesale price and a given financial sharing percentage , the retailer and the third party's problems can be formulated, respectively, as
By the first-order optimality conditions, the best responses of the retailer and the third party are given, respectively, by
which leads to the following results.
Proposition 1. With Model FS, the optimal return rate required by the third party is decreasing in the whole sale price whereas increasing in the FS percentage; that is,
Proposition 1 shows that with the FS scheme, the third party has a decreased incentive for the CRR as the manufacturer increases the wholesale price, whereas it has an increased incentive as the manufacturer enhances the FS percentage. The intuitions behind the results are that an increase in the wholesale price reduces the demand, which in turn leads to the third party implementing a lower return rate. An increase in the FS percentage undoubtedly pushes the third party to invest more in the collection programme.
Based on the optimal responses of the retailer and the third party, the manufacturer's problem can be formulated as
With the first-order optimality condition, it is easy to obtain the manufacturer's optimal decisions as
Since the FS percentage should be positive, it follows from (10) that < 2Δ/3, which implies that the manufacturer will no longer provide any financial support to the third party once the transfer price is high enough (i.e., ≥ 2Δ/3). Hence, the FS strategy is effective only when < 2Δ/3, and once the transfer price exceeds 2Δ/3, the FS percentage will be zero and thus the decisions of the respective supply chain members will be the same to that in Model N. Substituting the manufacturer's optimal decisions into the response functions of the retailer and the third party in (8), respectively, we can obtain the optimal retail price and return rate as
It should be noted that the above optimal decisions are derived with the constraint < 2Δ/3. When ≥ 2Δ/3, the optimal FS percentage will be zero and hence Model FS will be identical to Model N. Hence, we require < 2Δ/3 in the following discussion of Model FS. With the solutions given in (10) and (11), it is easy to obtain the optimal profits of the retailer, the manufacturer, and the third party, respectively, as follows:
which leads to the following results. Proposition 2 demonstrates how the key costs associated with remanufacturing affects the optimal FS percentage and return rate in equilibrium. With a high unit cost saving in the remanufacturing, the manufacturer will enhance the cost share level for the third party. As a result of the increased financial support from the manufacturer, the third party will invest more in the collection programme, and hence the return rate of used products will increase. In addition, if the transfer price increases, the third party can obtain a higher marginal profit, which can in turn allow the manufacturer to reduce the cost share without preventing the third party from the collection activity. It should be noted that the return rate will decrease with the increase of the transfer price. A closer look at this result reveals the intuition behind it as follows: with the increase of the transfer price, on one hand, the third party has a stronger incentive to participate in the collection programme, whereas, on the other hand, the FS percentage decreases, which in turn discourages the third party from the collection activity. A balance of these two sides leads to the current result.
Model PS-Physical
Sharing. Now we study the PS model where the manufacturer offers a physical support to the third party for the CRR. In this scenario, the manufacturer and the third party jointly share the CRR physically; that is, for a return rate determined by the third party and a given demand , the manufacturer and the third party are responsible for collecting and (1 − ) units of the used products, respectively, with the percentage shared by the manufacturer being . Since the manufacturer acts as the leader of the Stackelberg game, we begin the analysis with characterizing the problems faced by the retailer and the third party. For a given wholesale price and a PS percentage , the problem faced by the retailer can be formulated as the same as in (7), and the one faced by the third party can be formulated as
With the first-order optimality condition, we obtain the optimal response function of the third party as
which leads to the following results. The results in Proposition 3 are similar to those in Model FS. By taking into account the retailer's and the third party's optimal response functions, we can formulate the problem faced by the manufacturer as
Proposition 3. With Model PS, the optimal return rate required by the third party is decreasing in the wholesale price, whereas increasing in the PS percentage; that is,
By the first-order optimality condition, we obtain the optimal decisions of the manufacturer as follows:
Therefore, the retailer's optimal retail price and the third party's optimal return rate are identified as
The optimal profits of the respective supply chain members are identified, respectively, as follows: It should be noted that the results in Proposition 4 are quite different from that in Proposition 3. First, the optimal PS percentage depends on not only the unit cost saving and the transfer price but also the collection cost coefficients of both the manufacturer and the third party. Second, the optimal return rate is increasing in the transfer price (from Figure 1 ). Similar to the FS scheme, a higher unit cost saving pushes the manufacturer to increase the PS percentage and hence increases the return rate. When the collection cost coefficient of the third party increases, the manufacturer will increase the PS percentage in equilibrium, whereas when the collecting cost coefficient of the manufacturer increases, the manufacturer will decrease the PS percentage in equilibrium.
Since no analytical result can be obtained for how the return rate changes with the transfer price, a numerical experiment is conducted to explore this issue. In the numerical experiment, we set the parameters, respectively, as = 20, = 2, = 4, Δ = 2, = 7, and 3 = 7. It should be noted that the return rate should be set lower than 1; that is, ≤ 1. Figure 1 depicts the impact of the transfer price on the optimal return rate in Model PS, which indicates that the optimal return rate increases with the transfer price.
Comparisons of the Models
We have derived the optimal decisions of the respective members in the closed-loop supply chain with three models. In this section, we investigate the effects of CRR on the manufacturer, the retailer, and the third party, respectively. Since the optimal profit functions of the third party in the three models are too complex to deal with by an analytical way, we deploy a numerical approach to its comparisons.
Effects of the CRR on Prices and Demand.
For the effects that the CRR will have on the retail and wholesale prices and the demand, we identify the following results. 
Proposition 5. (1) The optimal retail price in the CRR models (Model FS or PS) is always lower than that without the CRR (Model N); that is,
Proposition 5 states that when the manufacturer offers support with the FS or PS to the third party, the retailer will lower the retail price as compared with that without the CRR. This in turn makes the manufacturer offer a lower wholesale price to the retailer owing to the increased demand. In addition, it can be known that when the transfer price is below a certain threshold, the manufacturer will charge a lower wholesale price and the retailer will charge a lower retail price in Model FS than in Model PS. What is pushing this result is that a lower transfer price can offer a higher marginal profit for the manufacturer. As a result of the lower retail price, demand in Model FS is higher than in Model PS when the transfer price is relatively low, and is lower than in Model PS when the transfer price is relatively high.
Effect of the CRR on Return
Rate. In this subsection, we conduct comparisons among the return rates associated with three models including Models N, FS, and PS. To avoid triviality, it should be required that 16 3 > (2Δ − ). As a matter of fact, this requirement is consistent with the optimality conditions in Model FS and a similar assumption can be found in Savaskan et al. [3] . Model N; 
Proposition 6. (1) The optimal return rate in Model PS is higher than in
such that * > * for all < 1 and * < * for all > 1 . Proposition 6 shows that the PS scheme will result in a higher return rate as compared with that without the CRR. In addition, the return rate in Model FS is higher than that without the CRR if the transfer price is relatively low and is Mathematical Problems in Engineering 7 equal to that without the CRR if the transfer price is relatively high. The reason behind these results is that when the transfer price is high enough to exceed a certain threshold, the manufacturer will offer no financial support to the third party and hence the FS model essentially reduces to the one without CRR. With regard to those two CRR strategies, it can be known that when the manufacturer's collection cost coefficient is relatively low, the return rate in Model PS is higher than in Model FS since in this case the manufacturer has a stronger incentive for the collection programme.
Effect of the CRR on the Retailer.
In this subsection, we investigate the effects of CRR strategies on the profits of the retailer in Models N, FS, and PS. It can be seen from Proposition 7 that the CRR strategies (the FS and PS) can always be beneficial to the retailer. The reason behind this result is that it is the other supply chain members to be responsible for the CRR and the retailer share no cost for this programme. In addition, the retailer will benefit more with the FS scheme than with the PS scheme when the transfer price is relatively low, and the reverse holds when the transfer price is relatively high.
Effect of the CRR on the Manufacturer.
In the subsection, we examine the effects of the CRR strategies on the manufacturer. Proposition 8 shows that the manufacturer will benefit from offering CRR strategies to the third party, which undoubtedly makes the manufacturer have a strong incentive to participate in the CRR. In addition, it can be seen from Proposition 8 that when the transfer price is below a certain threshold, the manufacturer prefers the FS scheme to the PS scheme; otherwise, the manufacturer prefers the PS scheme to the FS scheme since in this case the manufacturer has a stronger incentive to collect the used products by itself.
Effect of the CRR on the Third Party.
For the effects of CRR on the third party, the following results are identified. 
Proposition 9.
The third party will always benefit from the CRR strategies; that is,
Proposition 9 shows that the CRR strategies (FS and PS) offered by the manufacturer are also beneficial to the third party. This result, together with the above results, indicates that the CRR strategies can be beneficial to all the members in the closed-loop supply chain, which provides a reason why the manufacturer is willing to share the collection responsibility or cost for the third party in the practices. Given that the third party's profit function with the FS or PS scheme is too complex to deal with by an analytical approach, we deploy a numerical approach to find the insights. The parameters in the numerical experiment are set as shown on the top of Figure 2 .
We see from Figure 2 that the third party's profits in Models N, FS, and PS are all increasing in the transfer price. Furthermore, when the transfer price is relatively low, the third party receives the highest profit with Model FS among the three models, and this result carries over to Model PS when the transfer price is relatively high. The reasons behind these results are as follows: when the transfer price is high, the PS scheme is the most beneficial to the third party, and this holds with the FS scheme when the transfer price is relatively low.
Conclusion
To investigate how to recycle the used products in a closedloop supply chain, this paper studies three models where the manufacturer may offer a financial or physical support for a third party to collect the used products for remanufacturing. As a benchmark case, we first consider the scenario where only the third party bears the collecting responsibility. After that, we conduct a detailed analysis for two strategies of 8 Mathematical Problems in Engineering the CRR. Finally, we conduct a detailed comparison among the three models. With the studies, it is known that when the manufacturer offers support to the third-party firm financially or physically, the retail price will decrease and the demand will increase as compared with those without the CRR. The return rate in Model PS is always higher than that without the CRR and is at least as high as that without the CRR in Model FS. In addition, all the members in the closedloop supply chain will always prefer the CRR strategies to that without the CRR, and which of the CRR strategies is the best for the respective supply chain members will depend heavily on the transfer price. It should be pointed out that some limitations exist in the study, such as the consideration of linear and deterministic demand. In the future, it is worth pursuing to consider the CRR with nonlinear or stochastic demand. In addition, it will also be interesting to explore the CRR issues in a more complex supply chain structure with horizontal or/and vertical competition.
Appendix
The Second-Order Conditions in Model N. In Model N, the second-order condition for the retailer is 
The profit function of the manufacturer is jointly concave in and when 8 3 + 2 2 − 2 Δ − Δ 
